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Abstract

In this paper, the stability analysis of the hybrid variable step size block method for integrating
stiff initial value problems of ordinary differential equation is established. The scheme adopted
a variable step size technique. The new hybrids block method for integrating stiff ODEs

developed by Sagir et. al. (2023) are varied by the variable step size ratio (r),r =1, r = %

3 . . .
andr = ~to obtained different stable methods. However, the paper focuses on obtaining the

stability region of the stable methods. The methods are found to satisfy the entire stability
criteria, so the scheme is Zero and A-stable capable of solving stiff initial value problems.
Existing Stiff initial value problems are solved using the proposed method and the numerical
result obtained using the new method are found to be efficient at certain step size (h). Hence,
the new scheme is recommended for the solutions of stiff Initial Value Problem of ODEs.

Keywords: Hybrid, Stiff, Block Method, Zero Stability, A-Stability
Introduction

Consider a system of first order stiff initial value problems (IVPs) of the form:

y'=f(x,y) Xelab] y(Xo) =0 (1)
System (1) can be regarded as stiff if its exact solution contains very fast as well as very slow
component [1]. Stiff initial value problems occur in many areas of engineering and physical
sciences. They are particularly found in electrical circuits, vibrations, chemical reactions,
kinetics, authomated control, combustion, theory of fluid mechanics e.t.c. The solution is
characterized by the presence of transient and steady state component which restrict the step
size of many numerical method except method with A-stable properties [2, 3].

Stiff problem usually deviates from been solved analytically due to its complexities and other
phenomena which is found within its solution, the transient and steady state components found
in its solution make explicit method complex to handle with a very good results. While,
numerical solution is much more easier and obtainable in any form of stiff Initial Value
Problems of ODEs. Most of the stiff cases have no analytical solutions at all. Hence, choices
are always made to what numerical methods would solve any sort of stiff Initial Value
Problems of ODEs. The final achievement is to get a method with a solution that has absolutely
minimum scale error and computational time. Backward differentiation formula came to be
developed by Curtiss and Hirschfield [4], several extensions of [4] was carrry out by many
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scholars incuding Cash [5-6], the block aspect of [4] was formulated by [7]. Different scholars
work tremendeously in making a BBDF method that can handle stiff [VPs with minimum error
and computational time, these can be found in [8], [9], [10], [11], [12], [13], [14], [15], [16],
[17], 18], [19], [20] and [21].

Definition 1.1: A general k-step linear multistep method is defined as
Yo @ynej = RX5 0 Bj farj (2)
Where a; and B; are constant and a; # 0. @y and B, cannot both be zero at the same time.

For any k step method, a;, is normalized to one. The method is said to be explicit if B, = 0
and implicit if3;, # 0.

Definition 1.2: The first and second characteristics polynomials of the equation (2) are define
by

p(§) =X ;¢ 3)
And

a(§) = X508 ¢ “4)
Definition 1.3: Let Y,,, and E,, be vectors defined by
Yin = V> Yne1> Ynezs o Yn+r—1]Ta

Epn = [fu fas1 frv2r fn+r—1]T respectively

Then a general k-block, r-point method is a matrix finite difference equation of the form

Yin = {'(=1Ai Yin-1 +hZ§=OBi fm-1 (5)
Where all A;’s and B;’s are properly chosen r X r matrix coefficients and m=0,1,2,... represent
the block number, n =mr the first step number in the m-th block and r is the proposed block
size.

Definition 1.4: The block method (4) is said to be zero stable if the root R(; jy =1(1)k of the
first characteristics polynomial p(R)=det[¥F_, A; R*~1]=0, A,= -1, satisfies IR;|<1. If one of
the roots is +1, we call this root the principal root ofp(R).

Methodology

Consequently, we will extend the approach to formulas that has been derived by [22], called
the new hybrid block method for integrating stiff ODEs, by obtaining different stable methods

: : : : 1 3 :
with a variable step sizeratior = 1, r = p andr = > These formulas are given by

9(2r+1) 9(161%+87r+1)

yn+§ T 16(4r+3)(r+1)r2(40r2—61r—7) Yn-2 ¥ 472 (4074 +11473+551r2—-33r—14)(2r+3) Yn-17=
3(64r*+9r3+51r2+12r+1) 9(32r2+32r2+10r+1) 3(64r*+96r3+52r2+12r+1)

1672 (401r2—61-7) n 0 A(r+1)(40r2—61-7) Yn+1 = (812 +187+9) (4012 —61—-7) n+§ +

64r*+967r3+52r2+12r+1 3(8r2+67+1)
16(407r4+114r3+55r2—-33r—14) Yn+2 = 40r2—61-7 fn+%
(5)

1 1 2r2+3r+1 16(2r2+3r+1)

Yn+1 = 8(r+1)(4r+3)(4r+1) Yn-2 + r2(r2+4r+4)(2r+3) Yn-17""342 In 9(r+1) yn+§ +
16(2r2+3r+1) _ 50r3+1937242087+62 2r+1 p
3(8r2+18r+9) n+§ T2 +sr2ter+a) T2 T o042 fr+1
(6)
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9(412+127r+9)
3 = =
yn+5 16(r+1)(r+1)(80r3+292r2+288r+81)(4r+1)r2 Yn—2
9(167r2+247+9) 641*+28873+468r2+3241+81

41r2(r+1)(r+2)(80r3+292r2+288r+81) Yn-1 1672(40r24+1267r+81) In
3(64r4+2887r3+4681r2+3241+81) 9(64r*+2881r3+468r2+3241+81)

1
(8r2+161+1)(401r2+1261+81) yn+5 4(80r*+372r34+58072+369r+81) Yn+1
3(64r%+2887r3+4681r2+3241r+81) 3(8r2+18r+9) hf %
28 ToerTe) 3
16(r2+37r+2)(4012+1261+81) Yn+2 T 02t 126r+51 n+s
9(r?+4r+4) 72(r+1)

Yn+z = (10073 +41172+5007+186) (812 +67+1) Yn-2 ¥ r2(5013+24312+3767r+186)(2r+1) Yn-17

3(r*+6r3+13r2+12r+4) 128(r*+6r3+13r2+121+4) 72(r3+51%+87+4)
1r2(2572+841+62) n 0 (8r2+6r+1)(25r2+84r+62) yn+§ - (2r+1)(25724+841r+62) Yn+1
384(r*+6r3+13r2+12r+4) 6(r2+37+2) hf,

20074+112273+2233r2+1872r+62 n+§ 25r2+84r+62 T2

(8)

Hence, (5), (6), (7) (8) is called a new hybrid block method for integrating stift ordinary

differential equations.

From the scheme developed, substituting the variable step size ratior =1, r = %, and r =
Different stable methods are obtained for the variable step size ratios respectively as:

1 5 25 25 5 25 5
Ypid = Tgg W2 T g1 T gin Y g Vnn 7Y, 3 ¥ ogg Ve —ghfm%
1 1 1 32 32 19 1
Yn41 = “gggVn-2 T g1 T ¥n t geY, 1 Y3, 8 T gg e t 12 M
17 49 1225 245 3675 1225 104
Vnid = 7902772 " 197671 +3952 =247 Vil +t 19767+ " 7gpg V2 t mhfn%
Ynsz = = ez Vn-2 + 5o Yuet ~ 35 ¥n + 3Vt ~ 0 aen + g V2 + 15 M )
453789 2033647 9801 3267 9801 1089 99
Vel = 368000772~ 423200 7' T 1840”7 T 36807+ T 66125 Vn+d 73600772 115 M il
16807 16807 3 128 384 1217 1

Yn1 = = 17600772 Y 5178 Y1 T 1 T g Vasl Y575V ned T ago0 )2 T 50

8890903 2100875 330625 330625 330625 66125 F 25,
3 = P _ - 1 i —_— 3
Yn+2 T Go86528 712 T 469536 "1 T 7g256 I 161403V n+: T 1565127 M1 T 626048742 T ago1 ' nd

(10

632043 1075648 14400 204800 4800 73728 240

=- _ - - h
Yn+2 = = 630595072 ¥ 83973 Vn1 T 1217 7 T 20161 Vnek T 120777 F 27991 Va2 T 1217 e
218491 6067327 + 61009 42237 + 61009 61009 + 741 B
Ynsl = 7575520772 T 2001240 T 5232 7" T 2360 77 32373742 T 29648072 T 109 M el
_ 16807 16807 65 160 2080 6535 LN
Y1 = T iiaa0 2 T 70227 Y1 T Tog M T 171 Ynal T 2673 Vned T 208080 72 T 208 fre1
_ 1361367 2033647 9801 264627 793881 264627 L2
Yn+2 = 30628000 V"2 ~ 6851000 V%1 T 124007™ ~ 191425 n+: T 4030007 "*1 T 210800072 T 775 fn+§
(11) _ 4857223 1344560 28900 3699200 208080 +
Yn+2 = T 40975077 /12 T 17644771 T Ts081 " T 1241669 n+s " e5351 I t1
3699200 1020

=———y s+——h
1293019 Y n+S T 5027 fnt2

Zero Stability Analysis of the Method
In this section, we investigate the Zero stability of the stable methods (9), (10) and (11).
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Definition 3.1: A Linear Multistep Method is said to be A-Stable if its Stability region covers
the entire negative half plane [17].

Definition 3.2: A Linear Multistep Method is said to be zero stable if no root of the first
characteristics polynomial has modulus greater than one and that any root with modulus one
is simple [17].

The zero stability properties of the stable methods are determined through application of the

standard linear test problem.

y' =dy

A <0 is A Complex.

(12)

Applying (12) in the method (9), where f(x,y) = Ay, i.e. the method for the variable step size
ratio r = 1. The method can be written in a matrix form as;

[1-5h =25 5 —25 |
3 8 7 228
-32 1-h -32 19
45 12 35 48
245 3675 1-105h 1225
247 1976 247 7904
-512 -1536 —1536 1-4h
L 285 665 665 19 |
000 éé%
21 |[Yn-Z
000 — 2
560 ||¥Yn-3
00 0 —>|["3
7904 |Ly,_,
000 —
L 665 |
(13)
Where A, B and C can be given as
[1-5h =25 5 -25 |
3 8 7 228
-32 1-h -32 19
45 12 35 48
245  —-3675 1-105h 1225
247 1976 247 7904
-512 -1536 —1536 1-4h
L 285 665 665 19 |
Respectively

Yn+1
Vo3

Yn+2

0 3 -25
72 16
0o L -t
_ 45 4
0 49, 1225
1976 3952
16 12
0o — -
L 285 19
2 0 22110 o
72 16
Lo ZLiloo
45 4
—49 12250 | o
1976~ 3952
16, 120 |
285 19

Vn-2

Yn-1

Yn-1
Yn

-1

224
1

560
15

7904
-3

665

With the aid of a maple software, the characteristic polynomial for the variable step size ratio
r = 1 can be obtain by the relation
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—5432344 199656 1544 56 2305267 162555503

det(Atz—Bt—C) = 8 4 7 6 5 8 4 222220 47
633555 23465 23465 5 633555 1783340 26750100
8991 6991 63 1869 21533 297 1727 27
o t8h+——tTh-——t8ht + =—"t7h3 - 222 16+ = tOp2 4 t3h + toh3
93861 2964 4693 4693 1971060 93860 29565900 9386
+——1t3h?
93860
Put hA=h=0in (14)
We have
—5432344 199656 1544 56

R,(t,0) = 8 74 6 ¢5 (15)

633555 23465 23465 633555
Solving The Polynomials (15) for (t). The following is obtained for the roots of the

polynomials.

t=0,00,0,0,-0.0053951501,0.1777068048, 1
Similarly, applying (12) in the method (10), where f(x,y) = =y, i.e. the method for the
variable step size ratio r = ;1 The method can be written in a matrix form as;

[ 1-99h 3267 —9801 1089 | 0 —2033647 9801 |
115 3680 66125 73600 |, 423200 1840
—128 1-1h —384 1217 n+> 0 16807 -3
99 20 575 4800 |[¥Yn+1 5175 1
330625 —330625 1-1725h 66125 Vsl 0 —2100875 330625
161403 156512 4891 626048 |Ly,., 469536 78256
—204800 4800 —73728 1-240h 0 1075648 —14400
| 40161 1217 27991 1217 | i 83973 1217 |
000 S0
V-3 ~16807 |[Yn-3

y 0 00
n-1], 17600 ||Yn-3
V-1 00 0 8890903 || Y2
A 6886528 |Lyn—»
— 632043
i 27991 |
(16)

Where A, B and C can be given as
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1-99%h 3267 —-9801 1089 0 —2033647 0 9801 |
115 3680 66125 73600 423200 1840
—128 1-1h —384 1217 0 16807 0 -3
99 20 575 4800 5175 1
330625  —330625 1-1725h 66125 0 —2100875 0 330625
161403 156512 4891 626048 469536 78256
—204800 4800 —73728 1-240h 0 1075648 0 —14400
L 40161 1217 27991 1217 1 L 83973 1217 J Apng
00 0 453789
368000
00 0 —16807
17600
00 0 8890903
6886528
—632043
L 27991 respectively.

With the aid of a maple software, the characteristics polynomial for

r= % Can be obtain with relation

1212800 1943084 634890 2013975 91901911
det(At? —Bt—C) = 8 — 7 — 6 5— t8hA +

1168813 5 %304405 672151 101160755 6744603
83442 8287809 350 28674 954
2222 18(hh)?2 — 2 tTh 4 - t8(hA)R 4+ o= t2 (hA)? — —— t8(hE)* +
1??850 524810 478096 17405 96284
98 994 62 1 210
t”(hK)3 + tohk + to(hK)? — tShA + to(hK)3
977036 5129286 2174405 21744050 209048

Put hA=h=01n

(17)

We have

Ri(t,0) = 1212800 g 1943084 7 634890 o 2013975 g
> 1168813 2004405 672151 10116075

(13)

Solving the Polynomials (18) for (t).The following is obtained for the roots of the
polynomials.

t=0,00,0,0—0.0949560872,0.1194343209, 1
Similarly, applying (12) in the method (11), where f(x,y) = Ay, i.e. the method for the
variable step size ratio r = % The method can be written in a matrix form as;
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[ 1-741h 42237  —61009 61009 | 0 - 6067327 0 61009 |
109 4360 32373 296480 y 2001240 5232
-160 1-13A —2080 65351 n+> 0 16807 0 - 65
171 204 2673 208080 ||Yn+1]_ 70227 108

264627 —793881 1-297h 264627 Yn+§ 0 —2033647 0 9801
191425 403000 775 2108000 |Lyp+2 68510000 12400
—3699200 208080 3699200 1-1020Ak 0 1344560 0 —28900
L 1241669 65351 1493019 5027 | L 1764477 15081 |
o 2

V-3 “16807 |[Vn-2

Yn-1 000 Yn-3

vl Gorser |1vs

=110 0 0 —— |72
Yn 30628000 |Lyn_»
00 0 — 4857223
L 40975077 _

(19)

Where A, B and C can be given as

[ 1-741h 42237  —61009 61009 | _o - 6067327 0 61009 |
109 4360 32373 296480 2001240 5232
-160 1-13h —2080 65351 0 16807 0 - 65
171 204 2673 208080 70227 108 | And

264627 —793881 1-297h 264627 0 — 2033647 0 9801
191425 403000 775 2108000 68510000 12400
—3699200 208080 3699200 1-1020#k 0 1344560 0 — 28900
L 1241669 65351 1493019 5027 L 1764477 15081 |
00 0 218491
575529
00 0 —-16807
451440
1361367
30628000
— 4857223
40975077 | respectively.
With the aid of a maple software, the characteristics polynomial for
r= % Can be obtain with the relation
2 pe N 2 ps_ o _ 856800 g 283084 .; 62489 ¢
o e e ) o] araggg e
5 _ 8 8 2 ¢7 8 3 4
%gé%ims 674469}3 h& + 1558§g9t8 (h£)* — 524819% A+ s006 478096 t*(hd)” +
2 2 8 44 3 4 6 6 2
174015t (h4) 96221%4t (h4) 977036t (h4) 5129286t hl{+z174405t (h4)” =
5 3
21744050t h& + 209048t (h4) (20)
Put h£ = h = 0 in (20) we have
R3

7
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_ 856800 g 283084 ., 62489 4 12 s
(t,0) = 454881 1274405 3823215 19116075 @D
Solving the Polynomials (21) for (t).The following is obtained for the roots of the
polynomials.

t=20,00,0,0,0.520143171919,—0.13392995390923,0.02176446791230
The following table is obtained for the roots of the polynomials.

Table 3.1: Zero Stability of the formulae

Step Roots of the stable methods
Size
Ratio
()
r=1 |t=0,00,0,0,-0.0053951501,0.1777068048, 1
. 1 t=0,0,0,0,0,—0.0949560872,0.1194343209,1
7
"= 7 |=0,00,0,0, 0520143171919, —0.13392995390923,0.02176446791230

4. A - Stability region of the Method
This section focuses on obtaining the stability region for the variable step size ratio r = 1,

r= %, andr = % of the stable methods obtained. The stability regions of (9), (10) and (11) are
determined through the application of the standard linear test problem

y' =21y (22)
A <0, A Complex.

The stability region is drawn in the hA plane and hence it takes the value of hA. The region of
absolute stability for the stable methods of the variable step sizeratior = 1, r = %, andr = %
are shown in fig. 1, fig. 2 and fig. 3.

.-I/- : o kY
 TEE—
.II'\ ./J

Figure 3: A-stability reg-io-r-l of the methods when r =1
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It

1

Figure 2: A- Stability Region of the Method when r = =

r/. .\'\.
£
i

., g

Figure 3: A-stability region of the methods when r = %
Therefore, it can be concluded that the constructed stability regions for the variable step size
ratior =1, r = %, andr = % covers the entire negative half plane. Therefore the method is

suitable for solving stiff problems because of its almost A-stable Property.

5. Test Problems
To validate the Performance of the method, below are some selected Stiff Initial Value Problem
of ODEs to consider.

Problem 1: (See [22])

y' =20y, — 19y, y1(0)=2

y' =19y, — 20y, y2(0)=0 0<x=<20
Exact Solution: y(x) = e~>*

Problem 2: (See [22])

y'=198y, — 199y, y1(0)=1

y'=398y; — 399y, y2(0)=-2 0<x<10

X X

Exact Solution: y;(x) =™, y,(x)=—e"
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Result and Discussions

Some chosen problems were solved using the developed method. The numerical result of the
tested problems are put in tables to illustrate the performance of the block methods in solving
first order stiff ODEs. The acronyms below are used in the tables.

h = step-size;

MAX-ERR = Maximum Error;

NS= Number of Steps

IVPs = Initial Value Problems

SAHBM = Stability analysis of the hybrid variable step size block method for integrating
stiff [VPs.

Table 6.1: Numerical Result for the Test Problem 1

H Method Ns Max-error
1072 SAHBM (r =1) 100 8.43849 (-5)
SAHBM (r = 3 1000 4.48968 (-6)
SAHBM ( Z) 1000 4.04864 (-4)
r=-=
7
1073 SAHBM (r =1) 1000 8.45371 (-7)
SAHBM (r = l) 10000 4.23669 (-8)
SAHBM ( ;) 10000 4.69313 (-6)
r=-=
7
107* SAHBM (r =1) 10000 8.47282 (-9)
SAHBM (r = l) 100000 4.74822 (-10)
SAHBM ( Z) 100000 4.82247 (-8)
r=-
7
1075 SAHBM (r = 1) 100000 8.50316 (-11)
SAHBM (r = l) 1000000 4.05138 (-12)
SAHBM ( ;) 1000000 4.81305 (-10)
r==
7
106 SAHBM (r =1) 1000000 8.52149 (-13)
SAHBM (r = l) 10000000 4.82419 (-14)
SAHBM ( Z) 10000000 4.28941 (-12)
r==
7

Table 6.2: Numerical Result for the Test Problem 2

H Method Ns Max-error
1072 | SAHBM (r = 1) 100 7.13551 (-5)
SAHBM (r =3 5000 7.00459 (-6)
SAHBM ( Z) 5000 7.96425 (-5)
r==-
7
1072 | SAHBM (r = 1) 1000 7.32821 (-7)
SAHBM (r = ) 50000 7.22318 (-8)
SAHBM ( Z) 50000 7.81320 (-7)
r==-
7
10™* | SAHBM (r = 1) 10000 7.59457 (-9)
SAHBM (r = l) 500000 7.57475 (-11)
SAHBM ( Z) 500000 7.05745 (-9)
r==-
7
107> | SAHBM (r = 1) 100000 7.60185 (-11)
SAHBM (r = l) 5000000 7.51086 (-13)
SAHBM ( g) 5000000 7.21068 (-11)
r==
7
107® | SAHBM (r = 1) 1000000 7.89244 (-13)
SAHBM (r = 3 50000000 7.24148 (-15)
] 50000000 7.34615 (-13)

SAHBM (r = 3)
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From table 6.1 and 6.2 the Stability analysis of the hybrid variable step size method is
characterized by the decrease in error as the step length h tends to zero for both of r = 1,r =

1 1 . :
> and r = s The accuracy also improves as the step length is reduced.

Similarly, the solution at any fixed point improves as the step length reduced. The maximum
error indicates that the numerical result become closer to the exact solution as the step length
tends to zero.

Conclusion

The Stability analysis of the hybrid variable step size Block method for integrating stiff Initial
Value Problems of ODEs has been investigated. The analysis has shown that the method is
zero and A-Stable capable of solving stiff initial value problem of ordinary differential
equation. The numerical result obtained is found to be accurate and more efficient as the certain
step size (h) tends to zero.
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